We study classically and quantum mechanically the Typeset using REVT E X * Electronic address: sangkim@ks.kunsan.ac.kr 1
Current data from large-scale structure and the cosmic microwave background suggest open inflationary universe models as a viable theory [1] . Recently Hawking and Turok (HT) proposed such an open inflationary model by using a singular gravitational instanton [2] . This raised, however, a hot debate whether the HT instantons can lead to the most probable wave functions in quantum cosmology [3] [4] [5] . Vilenkin argued that the HT-type singular instantons of a massless scalar model may lead to a physically unacceptable consequence [6] . The key issue of the debate is whether one may find the instantons of a Euclidean geometry that are well behaved and match the open inflationary universe of a Lorentzian geometry. Hence, the condition necessary for the surgery of Euclidean and Lorentzian geometries is essential in understanding properly the open inflationary models.
In this Letter we study the classical and quantum compatibility condition in gluing Lorentzian and Euclidean geometries. Our model is an open FRW universe of the Lorentzian geometry with a minimal massless scalar field and a cosmological constant. The genuine quantum creation of the Universe requires the backward evolution either to the cosmological singularity or to a gravitational potential barrier at a finite size, in which it fits with a Euclidean universe of the same size. The HT instanton solutions [2, 4] and the asymptotically flat solution by Vilenkin [6] belong to the former case. The latter case will also be treated in this paper.
Let us begin with an open FRW universe described by the action
where m P = 1/ √ G is the Planck mass, and Λ and φ denote the cosmological constant and the scalar field, respectively. The sign in Eq. (1) has been chosen to yield a positive definite energy density for the scalar in Lorentzian geometries, and the surface term for the gravity has been introduced to yield the correct equation of motion for the closed universe.
The open Lorentzian FRW universe has the metric
where N(t) is the lapse function, dΩ 2 2 is the standard metric on the unit two-sphere S 2 , and ξ ranges over (0, ∞). Now the action (1) becomes
where dots denote derivative with respect to t. Here the volume dξ[2 sinh 2 ξ/π] is factored out to match an open geometry with a closed one 1 , and the total derivative term is canceled by the surface term. 
On the other hand, the Euclidean FRW geometry has the metric
where f + (ξ) = sinh ξ for an open universe and f − (ξ) = sin ξ for a closed universe. The open (closed) universe leads to the action (1)
where the volume factor dξ[2 sinh (7):
In the Euclidean geometry, the classical equation of motion (8) for b is obtained by substituting the solution to the scalar field equation (9)
There is a classically allowed motion due to the scalar field for the open universe and due to the scalar field and the scalar curvature for the closed universe. However, the classical motion is limited up to a turning point b * by the cosmological constant, which acts as a source for negative energy in the Euclidean geometry. Therefore, there is a periodic motion between the zero and the finite radius. Similarly, in the Lorentzian geometry, the scalar field equation (5) may have two types of solutions: an ordinary or an exotic state solution
where p and κ are real constants. The imaginary quantity is the result of the Wick-rotation t = iτ of Eq. (10) from the Euclidean to Lorentzian geometry and, in fact, corresponds to a particular quantum state of the scalar field in quantum cosmology [7] . In the former case of ordinary matter states, the classical motion (4) extends over (0, ∞). Hence, the surgery of the Lorentzian geometry with the Euclidean one should occur at the cosmological singularity (a = b = 0). On the other hand, in the latter case of exotic matter states, the classical equation of motion becomes
There is a classical turning point a * , and the classical motion extends over (a * , ∞). The regime (0, a * ) of the classically forbidden motion for the Lorentzian geometry now should be matched with the same regime of the classically allowed motion (8) obtained by substituting Eq. (10) with p = κ for the open Euclidean geometry. This surgery at the finite radius does not hold for the closed Euclidean geometry, the turning point of which differs from a * . At the classical level, the requirement for matching two geometries is that the radii and the second fundamental form be continuous across the boundary. First, we consider the surgery at b = a = 0. For the FRW geometry, the second fundamental form is given by K ij = −(aȧ/N)g ij , the nonvanishing components of which are
. This implies that the the second fundamental forms of the Euclidean and Lorentzian geometry vanish at the cosmological singularity. Therefore, the open universe of Lorentzian geometry can match both the open and the closed universe of Euclidean geometry that has the boundary b = 0 as a turning point of periodic motion. For instance, the HT-type instanton solution b(τ ) = (3/Λ) cos (Λ/3)τ, which is the limiting case of p = 0, i.e. without the scalar field, starts and ends at b = 0. The apparent drawback of the surgery at a = b = 0 is that the scalar field diverges as shown in Eqs. (10) and (11), as one approaches to this boundary, though the total action is finite. The Vilenkin's asymptotically flat instantons with the scalar field but without Λ are thus singular and may not be physically acceptable [6] . Though Hawking and Turok considered only the closed Euclidean geometry, the open Euclidean geometry can also be allowed. The exclusion of the open Euclidean geometry should rest on another reason such as the infinite volume, but not merely the surgery itself.
Second, we consider the surgery at a finite radius. When one matches an open Lorentzian geometry with a closed Euclidean geometry, there is a discontinuity of the second fundamental form at the boundary of a finite radius. Moreover, the classical turning point b * of the Euclidean geometry differs from a * of the Lorentzian geometry unless Λ = 0 and p = κ. But even in this case one has a * = b * = 0. Hence, the open Lorentzian geometry can not match the closed Euclidean geometry at a finite radius. However, Eq. (8) 
where t * and τ * are the Lorentzian and the Euclidean time at the boundary a * = b * . One prominent feature is that all geometric quantities and the scalar field are regular at the matching boundary. At the quantum level, the matching condition is the continuity of the wave function and its first derivative at the boundary, which is the outcome of the continuity across the boundary of the radius and the conjugate momentum π a = −(3πm 2 P aȧ)/(2N), in proportional to the second fundamental form. N being the lapse function, the Lorentzian action (3) leads to the Hamiltonian density constraint
where π φ = π 2 a 3φ /N. According to the Dirac quantization procedure, Eq. (14) becomes the Wheeler-DeWitt equation
where ν denotes some part of operator ordering ambiguity. The classical exotic state of the scalar field in the Lorentzian geometry is described by the wave function
It has a negative energy density, and bounded having the asymptotic form e −κ|φ|/h as φ → ±∞. The gravitational field equation of the wave function
The turning point for Eq. (17) is given by the same a * . In the region a ≪ 3/Λ where (Λ/3)a 2 is small compared with a 2 , the wave functions of Eq. (17) are approximately given by [8] 
where Z are Bessel functions and α (βa 2 ) provides an expanding wave function, which corresponds to the Vilenkin's tunneling wave function [9] . In the tunneling regime where α ≫ βa 2 or a ≪ a * , the tunneling wave function has an asymptotic expansion by the index
where cosh γ = α/(βa 2 ) = a 2 * /a 2 [8] . On the other hand, the Hartle-Hawking's no-boundary wave function [10] is prescribed by the Bessel function J α (βa 2 ), which is a superposition of an expanding branch H 
and is regular at the cosmological singularity.
Finally we turn to matching the wave functions at a = b = 0. In the Lorentzian geometry, the ordinary state of the scalar field is given by the wave function
Then the gravitational field equation separates as
There is no classical forbidden regime and the wave functions are defined for (0, ∞). The wave functions in the region a ≪ 3/Λ were found [11] 
whereα is obtained from α by continuing analytically κ = ip. For the covariant operator ordering ν = 1 or large p, the index becomes pure imaginary,α = iα. The expanding and the recollapsing wave function are given by H
α (iβa 2 ) and H
α (iβa 2 ). These wave functions can be smoothly matched with the asymptotic wave functions in the region a ≫ 3/Λ in Ref. [12] . On the other hand, in the Euclidean geometry, the ordinary quantum state Φ E (φ) = e ipφ/h /(2π) 3/2 leads to the gravitational field equation
where the upper (lower) sign is for the closed (open) geometry, respectively. Far away from the matching boundary a = b = 0, the cosmological constant term prevails over the other terms and provides a potential barrier. The wave functions exhibits exponential behavior at large b. But not far away from the matching boundary a = b = 0, the cosmological constant term can be neglected compared with the other two terms. So, Eq. (24) . This is true also for a general scalar field since the kinetic term dominates over the potential term and the scalar field becomes roughly massless and stiff near the cosmological singularity. Therefore, the tunneling wave function can be matched very accurately at a = b = 0 and the Hartle-Hawking wave function, which vanishes at the boundary, can be matched exactly. This is the very reason how the HT instantons of the closed Euclidean geometry fit with the open inflationary universe of Lorentzian geometry. But another possibility still remains that was not considered in Refs. [2, 4, 6] : at the finite radius the open universe with an exotic state can match exactly the open Euclidean geometry with an ordinary state, which is nothing but the Wick-rotation of time [7] . This is exactly the counterpart of a closed universe of the Lorentzian geometry matched with the closed Euclidean geometry [13] .
In summary, we have studied the classical and quantum matching condition of Euclidean and Lorentzian geometries. The matching boundary depends crucially on the states of the scalar field. The open inflationary universe with an ordinary state can match either a closed or an open Euclidean geometry at the cosmological singularity. This surgery leads inevitably to the instantons singular at the boundary. The open universe with an exotic state has the boundary of a finite radius as a turning point of the classical motion. In the classically forbidden regime, the open universe is matched not with a closed Euclidean geometry but with an open Euclidean geometry. The classical equation of motion for the open Euclidean geometry describes exactly the instanton motion for the open inflationary universe. It is worthy to note that there are six more different topologies other than R
3 for the open FRW universe of the Lorentzian geometry, which are foliated into compact three-manifolds [14] . So this surgery of the open inflationary universe with the open Euclidean geometry may not raise any new problem in the Hartle-Hawking wave function that is defined a sum over different topologies of gravitational instantons of compact Euclidean manifolds without boundary, which will be studied elsewhere.
